The properties of the natural modes in a dispersive stratified N-layer medium are investigated. Especially the focus is on the (over)completeness properties of these modes. Also the distribution of the natural frequencies are considered. Both the degree of (over)completeness and the natural frequency distribution turn out to be totally different from what is known for the non-dispersive case.
INTRODUCTION
Natural modes arise in connection with the scattering of an incoming wave on an object. In this context, they are defined as those solutions of the scattering operator which exist in the whole three-dimensional space R 3 , satisfy the boundary conditions at the surface of the finite-scatterer, and represent outgoing waves outside the medium. Natural modes were first discovered by Cauchy in 1827, 1 and then later applied by Thomson, 2 Kolácěk, 3 and Abraham 4 to various scattering problems. For a non-dispersive medium they are known to have the following properties [5] [6] [7] c) The complex eigenvalues k n satisfy k n = −k * n .
An example from quantum mechanics 8 can give a general idea of the concepts involved. From the time-independent Schrödinger equation
and the Green's function associated with it
we derive the corresponding scattering integral equation:
It is of fundamental importance to notice that this integral equation is not the standard Fredholm integral equation of the second kind because this equation of the non-linear dependence of the kernel on k. Therefore, the natural modes are a generalization of the results of classical Fredholm theory: They are the solutions of the homogeneous integral equation in terms of which it is to be expected that the solution of the scattering integral equation can be written inside the domain of the scatterer.
Mathematically, natural mode eigenfrequencies are complex eigenvalues of a linear or linearized differential equation, subject to certain non-classical Sturm-Liouville boundary conditions, see:. [9] [10] [11] [12] [13] [14] In optics (if this differential equation is the wave equation), these eigenfrequencies correspond to the singularities of the system, i.e. the singularities of the scattering matrix,. 15 Physically, the natural mode formalism is a tool to describe the energy dissipation of a system. The imaginary parts of the eigenvalues indicate the amount of the energy loss of the system. (Similarly to a harmonic oscillator with damping; the imaginary part of the frequency equals the damping coefficient). As such it is used in various fields of physics, ranging from classical wave mechanics, computational biophysics and mathematical physics to general relativity and quantum gravity. (See e.g. 16, 17 for applications in general relativity).
In the context of photonic crystals a (complex) natural mode frequency can be related to the transmission spectrum of the medium: the real part of the frequency indicates the position of a resonance peak, and its imaginary part corresponds to the full width at half maximum of the peak. In other words: if the color of the light is chosen equal to the real part of the natural mode frequency, then the photonic crystal will transmit more light than otherwise.
Another important property of natural modes in general is that they can exist in the medium without the presence an incoming or driving field ψ inc . This can be understood in terms of internal (electron) oscillations of the scatterer: those oscillations will continue even after the driving field is long gone.
NATURAL MODE FREQUENCIES AND NON-DISPERSIVE N-LAYER MEDIA
The goal of this chapter is to find natural mode eigenfrequencies of stratified non-dispersive n-layer media whose resp. refractive indixes are assumed to be constant. These eigenfrequencies can be defined as the singularities in the transmission and reflection coefficient of the system 5, 15 which both have the same denominators. Generally, for a system of two layers or more, the natural mode frequencies cannot be found exactly. They satisfy a transcendental equation, which can be solved numerically or for "large" values. However, if we limit ourselves to the case of normal incidence (so there is no angular dependence), and TE transmissions in a periodic medium, we can find the resonance frequencies exactly in, for instance, a system of four periods. Each period consists of two layers each with refractive indices n 1 and n 2 , respectively. Another restriction we would like to make is the following: The thicknesses of the two layers d 1 and d 2 , respectively, are chosen in such a way that for a certain λ re f . As is well known, this particular choice, which defines the class of so-called (D)istributed (B)ragg (R)eflectors, simplifies to a great extend the analysis of the system at hand,. 18 As we noted before, the real part of a natural mode frequency corresponds to the position of a resonance peak in the transmission spectrum; its imaginary part is related to the broadness (the full width at half maximum) of the peak. The eigenfrequency distributions shown in fig. (1) leads to the observations that the number of peaks within an interval 0 ≤ Re(δ) ≤ π increases proportionally to the number of layers. Also, the peaks become narrower (the imaginary parts of the natural mode frequencies are lower) in a system of sixteen layers than in a system of eight layers. However, the position of the 'gap' (i.e. interval in the spectrum without peaks) does not change. Increasing the ratio between the two refractive indices results in lower (absolute values of) imaginary parts of the mode frequencies, so resonance peaks in the transmission spectrum become narrower,. 19 
DISPERSIVE MEDIA
In this section we shall investigate the consequences of allowing the medium to be temporally dispersive. The refractive index of the j th layer becomes
for a characteristic frequency ω j and a damping coefficient Γ. The other parameter, f j , is a fraction that denotes the oscillator strength of the material, i.e. we assume a Lorentz profile. For simplicity, the refractive indices are assumed to have only one singularity each. We will restrict ourselves to the case of a single layer system with refractive index (5), embedded in a medium with refractive index n 0 . For the calculation we use the scale of the characteristic frequency, i.e. ω j = 1. It has e.g. be shown by 18 that the eigenfrequencies of the natural modes are the zeros of the function N m :
Because of ( (6)) we know that for values of the frequency close to the singularities ω = ± ω 2 j − iΓ j ω, which means that |n 1 | 1, the frequencies have to satisfy the following equation:
The other choices for the calculation are: d = 1, f j = 0.25, Γ j = 10 −3 , and n 0 = n 2 = 1. (The environment of the medium is air or vacuum). Formula (7) can be derived neglecting 1 with respect to
which is allowed because we are near either one of the singularities of (5). As fig. ( (2)) shows, the mode frequencies cluster near the singularities of n 1 .
With the aid of a famous theorem from function theory, viz. the Great Picard theorem it can be shown that such clusterings occur always in a system with an arbitrary number of layers. The Great Picard theorem states that an analytic function assumes every complex value, with one possible exception, infinitely many times near an essential singularity.
THE (OVER)COMPLETENESS OF THE NATURAL MODES OF DISPERSIVE MEDIA
This chapter focuses on the question how 'physical' natural modes are, i.e. whether the modes can represent physical quantities such as the field vectors of electromagnetic radiation. That is why we look into the completeness of the natural modes. So what we want to know is if an electromagnetic wave equation, can be expressed in terms of the natural modes. The problem to be addressed to in this section concerns the (over)completeness of the set of natural modes. As we already observed before for the case of a slab that each singularity of the refractive index, viz. ω = ± ω 2 j − iΓ j ω leads to an infinite number of natural frequencies and natural modes. This statement follows from the observation that close to the singularity the approximate equation to be satisfied by the natural frequencies ω, (see (7)):
generates for each singularity an infinite number of roots, as the great Picard theorem tells us that near the essential singularities ± ω 2 j − iΓω each complex value is obtained an infinite number of times. Hence the question arises whether these successive sets of modes are each complete or not. The key to the solution of this problem is the analysis of the behaviour of the distribution of the natural frequencies, 20 and 21 as is shown by the following theorem, 21 :
then the following entire function, known as the canonical product exists:
Let
for all real y, some A > 0 , and some ε and n. Then the set of functions {e ±iλ m y } will be closed or not closed on L 2 (a, b) according as F(z) does not or does belong to to L 2 (R). It can always be made closed by the adjunction of a finite number of of functions e iλy . The set of functions {1, e ±iλ m y } will be closed or not closed on L 2 (R) according as zF(z) does or does not belong to L 2 (R).
For a slab made of dispersive material, embedded in vacuum, the natural frequencies ω n are the roots of (6), and the natural modes read as:
the natural mode eigenfunctions are therefore specific linear combinations of functions of the form e ±iω n y . The application of the Paley Wiener theorem (4.1), which boils down to the question whether or not the canonical product (10) belongs to L 2 (R), then shows that each singular frequency ω j of the refractive index, including the one at ∞, leads to a (over)complete system of natural modes!
DISCUSSION
In some special cases, for instance in a non-dispersive, periodic 1D photonic crystal slab with quarter wavelength symmetry, the natural modes formalism is an efficient tool to reveal information about transmission spectra of such media. The analysis of the pertinent properties of these fundamental modes, to be considered as the most "natural" set of functions for the expansion of the field, is therefore of paramount interest. The completeness property of the field is especially one of the most important and interesting features of these modes to be studied.
In, 5 Leung et al. showed that, for a system described by the 1D wave equation without dispersion, a sufficient (and possibly necessary) condition for completeness of the natural modes is that the Fourier transformed Green's function vanishes for sufficiently large frequencies. The generalization towards dispersive media is relatively straightforward: the same condition applies, although the expression for eigenmode expansion coefficients is slightly more complicated. This result is obtained without outlining a specific dispersion relation or model.
In order to investigate the degree of (over)completeness of natural modes in 1D photonic crystal we have chosen the following dispersion relation:
for the jth layer of the medium. If each layer of the photonic crystal is assumed to have two resonance frequencies, then the natural modes in a medium of N layers is at least N + 1 fold complete.
As of yet, we are unsure of what this tells us about either the natural mode formalism or the used dispersion model.
(Over)completeness of the natural mode expansion may imply that natural modes are 'physical' in a certain way, but it does not mean that they are useful (we may still need an unpractically large number of modes to aptly describe our system). Based on 22 we suspect that, in the typical photonic crystal region, where the wavelength of the electromagnetic radiation is of the same order of magnitude as the thickness of a layer, that electromagnetic wave couples to only a few modes. Currently, however, there is still no proof of this.
